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Abstract
Perturbative unication of soft supersymmetry{breaking (SSB) parameters is proposed in
Gauge-Yukawa unied models. The method, which can be applied in any nite order in per-
turbation theory, consists in searching for renormalization group invariant relations among
the SSB parameters, which are consistent with perturbative renormalizability. For the min-
imal Gauge-Yukawa unied model based on SU(5) we nd that the low energy SSB sector
contains a single arbitrary parameter, the unied gaugino mass. Within a certain approx-
imation we nd that the model predicts a superpartner spectrum which is consistent with
the experimental data.
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1 Introduction
The usual path chosen to reduce the independent parameters of a theory is the introduction of
a symmetry. Grand Unied Theories (GUTs) are representative examples of such attempts.
A natural gradual extension of the GUT idea, which preserves their successes and enhances
the predictions, may be to attempt to relate the gauge and Yukawa couplings, or in other
words, to achieve Gauge-Yukawa Unication (GYU).
In recent papers, we have proposed an alternative way to achieve unication of couplings,
which is based on the principles of reduction of couplings and niteness 1. These principles,
which are formulated in perturbation theory, are not explicit symmetry principles, although
they might imply symmetries. The former principle is based on the existence of renormaliza-
tion group (RG) invariant relations among couplings, which do not necessarily result from a
symmetry, but nevertheless preserve perturbative renormalizability. Similarly, the latter one
is based on the fact that it is possible to nd RG invariant relations among couplings that
keep niteness in perturbation theory. We have found that various supersymmetric GYU
models predict mass values for the top and bottom quarks, Mt and Mb, which are consistent
with the experimental data, and that under certain circumstances the dierent models can
be distinguished from each other if Mt and Mb can be more accurately measured [2].
The most arbitrary part of a phenomenologically viable supersymmetric model is the
breaking of supersymmetry. It is widely believed that the breaking of supersymmetry is soft
whatever its origin is. If the model is coupled to supergravity, for instance, one can compute
in principle the soft supersymmetry{breaking (SSB) terms. In fact, this is an attractive way
to reduce the arbitrariness of the SSB terms, where the gravitino mass m2=3 denes the scale
of the supersymmetry{breaking [3].
In this letter, we would like to extend our unication idea to include the SSB sector. That
is, we want to nd RG invariant relations among the SSB parameters that are consistent
with perturbative renormalizability 2. To be denite, we will consider the minimal SUSY
SU(5) model with the GYU in the third generation [6]. We will nd that, if one requires
the breaking of the electroweak symmetry to occur in the desired manner, the SSB sector
1Appropriate references may be found in ref. [1].
2A similar but dierent idea has been recently proposed in refs. [4, 5].
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of the model can be completely xed by the gaugino mass parameter M . It will turn out
that the asymptotic freedom in the SSB sector of the Gauge-Yukawa unied model can be
achieved only through the reduction of the SSB parameters. We will then calculate within a
certain approximation the SSB parameters of the minimal supersymmetric standard model
(MSSM), which will turn out to be consistent with the experimental data. More details of
our results will be published elsewhere.
2 Formalism
The reduction of couplings was originally formulated for massless theories on the basis of
the Callan-Symanzik equation [7]. The extension to theories with massive parameters is not
straightforward if one wants to keep the generality and the rigor on the same level as for the
massless case; one has to fulll a set of requirements coming from the renormalization group
equations, the Callan-Symanzik equations, etc. along with the normalization conditions
imposed on irreducible Green’s functions [8]. There has been some progress in this direc-
tion [9]. Here, to simplify the situation, we would like to assume that a mass-independent
renormalization scheme has been employed so that all the RG functions have only trivial
dependencies of dimensional parameters.
To be general, we consider a renormalizable theory which contain a set of (N + 1)
dimension-zero couplings, fg^0; g^1; : : : ; g^Ng, a set of L parameters with dimension one, fh^1; : : : ; h^Lg,
and a set of M parameters with dimension two, fm^21; : : : ; m^
2
Mg. The renormalized irreducible
vertex function satises the RG equation
0 = DΓ[ 0s; g^0; g^1; : : : ; g^N ; h^1; : : : ; h^L; m^
2
1; : : : ; m^
2




















































 (g0; : : : ; gN )h^ah^b ; (2)




a are power series of the dimension-zero couplings g’s in pertur-
bation theory.
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As in the massless case, we then look for conditions under which the reduction of param-
eters,













kab (g)hahb ; ( = Q+ 1; : : : ;M) ; (5)
is consistent with the RG equation (1), where we assume that g  g0, ha  h^a (1  a  P )
and m2  m^
2
 (1    Q) are independent parameters of the reduced theory. We nd
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( = Q+ 1; : : : ;M ; a; b = 1; : : : ; P ) :
If these equations are satised, the irreducible vertex function of the reduced theory
ΓR[ 
0s; g;h1; : : : ; hP ;m
2




 Γ[ 0s; g; g^1(g); : : : ; g^N (g);h1; : : : ; hP ; h^P+1(g; h); : : : ; h^L(g; h);





2); : : : ; m^2M(g; h;m
2); ] (12)
has the same renormalization group flow as the original one.
The requirement for the reduced theory to be perturbative renormalizable means that




 , dened in eq. (3){(5), should have a power series expansion





















To obtain the expansion coecients, we insert the power series ansatz above into eqs. (6),
(9){(11) and require that the equations are satised at each order in g. Note that the
existence of a unique power series solution is a non-trivial matter: It depends on the theory
as well as on the choice of the set of independent parameters. In a concrete model we will
consider below, we will discuss this issue more in detail.
3 Application to the minimal SUSY SU(5) GUT
3.1 The model and its RG functions
The three generations of quarks and leptons are accommodated by three chiral superelds
in ΨI(10) and I(5), where I runs over the three generations. A (24) is used to break
SU(5) down to SU(3)C  SU(2)L  U(1)Y, and H(5) and H(5) to describe the two Higgs
superelds appropriate for electroweak symmetry breaking [10]. The superpotential of the


























γ + +H H

H ; (14)
where ; ; : : : are the SU(5) indices, and we have suppressed the Yukawa couplings of the
3We suppress the hat on the couplings from now on, which was used in the previous section to distinguish
the independent parameters from the dependent ones.
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+ h.c.g ; (15)
where a hat is used to denote the scalar component of each chiral supereld.
The RG functions of this model may be found in refs. [6, 11, 5], and we employ the usual
normalization of the RG functions, dA=d ln = [(1)(A) or γ(1)(A)]=162 + : : :, where : : :
are higher orders, and  is the renormalization scale:
(1)(g) = −3g3 ; (1)(gt) = [−
96
5
g2 + 9 g2t +
24
5
g2f + 4 g
2




g2 + 3 g2t +
24
5
g2f + 10 g
2
b ] gb ;




g2 + 3 g
2
f ] g ;
(1)(gf ) = [−
98
5








g2 ] gf ; γ
(1)(M) = −6g2M ;
γ(1)() = [−20g
2 + 2g2f +
42
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hfgf + 8gbhb + 6gtht]H ;
γ(1)(B) = [−20g
2 + 2g2f +
42
5
g2 ]B + [ 40g
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hfgf ] gb ; (16)
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where g stands for the gauge coupling.
3.2 The reduction solution
We require that the reduced theory should contain the minimal number of the SSB parame-
ters that are consistent with perturbative renormalizability. We will nd that the set of the
perturbatively unied SSB parameters signicantly dier from the so-called universal SSB
parameters.
Without loss of generality, one can assume that the gauge coupling g is the primary
coupling. Note that the reduction solutions in the dimension-zero sector is independent
of the dimensionfull sector (under the assumption of a mass independent renormalization
scheme). It has been found [6] that there exist two asymptotically free (AF) solutions that
make a Gauge-Yukawa Unication possible in the present model:












g + 0(g3) ;








g + 0(g3) ; g = 0 ; gf = 0 ; (17)
where the higher order terms denote uniquely computable power series in g. It has been
also found that the two solutions in (17) describe the boundaries of an asymptotically free
RG-invariant surface in the space of the couplings, on which g and gf can be dierent from
zero. This observation has enabled us to obtain a partial reduction of couplings for which
the g and gf can be treated as (non-vanishing) independent parameters without loosing
AF. Later we have found [2] that the region on the AF surface consistent with the proton
decay constraint has to be very close to the solution a. Therefore, we assume in the following
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discussion that we are exactly at the boundary dened by the solution a 4.
In the dimensionful sector, we seek the reduction of the parameters in the form (4) and
(5). First, one can realize that the supersymmetric mass parameters,  and H , and the
gaugino mass parameter M cannot be reduced; that is, there is no solution in the desired
form. Therefore, they should be treated as independent parameters. We nd the following












M2 ; m2Hd = −
460
521







M2 ; m21;2 =
8
5
M2 ; m2Ψ3 =
545
521




So, the gaugino mass parameter M plays a similar role as the gravitino mass m2=3 in super-
gravity coupled GUTs and characterizes the scale of the supersymmetry{breaking.
In addition to the , H and M , it is possible to include also BH and B as independent
parameters without changing the one-loop reduction solution (19).
3.3 Uniqueness of the reduction
We next address the question of whether the lowest-order solution given in (18) and (19) can
be uniquely extended to a power series solution in higher orders. In ref. [6], the uniqueness
in the dimension-zero sector is proved, and so we assume here that the reduction in this
sector has been performed.
Let us begin with the case of ha (a = t; b; f). We prove the uniqueness by induction; we
assume that the reduction is unique to O(gn−1) and show that the expansion coecients in
the next order can be uniquely calculated. We then insert the ansatz
ha = −gaM + : : : + gg
n(n)a M ; a = t; b; f ; (20)
along with the solution a in the dimension-zero sector (17), into the reduction equation (9)




c =   ,
4How to go away slightly from this boundary will be discussed elsewhere. Note that g = 0 is inconsistent,
but g < 0:005 has to be fullled to satisfy the proton decay constraint [2]. We expect that the inclusion
of a small g will not aect the prediction of the perturbative unication of the SSB parameters.
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n2 + 27n3 ; (21)
for integer n > 0 never vanishes, implying that the expansion coecients (n)a can be uniquely
calculated. Since the one-loop reduction (19) is unique, the ’s exist uniquely to any nite
order.
The uniqueness in the dimension-two sector proceeds similarly. Note that the uniqueness




Ψ1;2 can be easily shown, because their
one-loop anomalous dimensions are such that there exists no mixing among the coecients
(see eq. (16)). In the case ofm2 ( = Hd; Hu;;
3;Ψ3), we have to do a similar investigation
as for the h’s. So we start with m2 = 
(0)
 M
2 + : : : + gn(n) M
2, where 5 the lowest order
coecients (0) can be read o from (19), and we assume that the lower order terms denoted
by : : : are known. After some algebraic calculations, one nds that the (n)i also can be
uniquely calculated to any nite order 6.
3.4 Asymptotic freedom (AF) and the stability of the reduction solution
If a reduction solution is unstable, the aysmptotic freedom requirement and the requirement
on a power series reduction solution are equivalent in general. In what follows, we show
that the reduction solution (19) is an unstable asymptotically free solution and exhibits the
Pendleton{Ross infrared xed point [12]. That is, the AF requirement forces all the ha’s
and m2’s to be reduced according to the reduction solution (19). On contrary, BH and B
behave asymptotically free, and their reduction solution (18) will turn out to be stable. To
see these, we rst derive the asymptotic behavior of the independent parameters, , H
and M :
  g
3100=1653 ; H  g
−1029=521 ; M  g2 as g ! 0 ; (22)
5As for the case of ha’s, we have assumed that the γ(m
2)’s are independent of the supersymmetric mass
parameters H and .
6The approach of unifying the SSB parameters of ref. [4] is based on a condition on the anomalous
dimensions (the P = Q=3 condition). This condition is more restrictive than simply requiring the complete
reduction of parameters, because the number of the anomalous dimensions usually exceeds that of parameters.
It has turned out to be very dicult to satisfy the P = Q=3 condition in higher orders in non-nite theories
[15].
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where we have used eq. (17) and d=d ln = (−3g3 + O(g5))d=dg. So, the H does not
vanish asymptotically. Note, however, that thanks to the AF in the Gauge-Yukawa sector
the asymptotic behavior given in (22) becomes exact in the ultraviolet limit. Moreover,
in a mass independent renormalization scheme (which we are assuming throughout), the
supersymmetric mass parameters H and  do not enter in the anomalous dimensions for
h’s and m2’s [13] so that the investigation below is not aected by the bad asymptotic
behavior of H . To proceed, we introduce ~ha  ha=M and ~m2  m
2
=M
2, and consider a
solution near the reduction solution (19): ~ha(g) = −ga + ha(g) ; a = t; b; f . Then we derive








c (g)=g : (23)
The asymptotic behavior of the system is dictated by the eigenvalues of the matrix Y , and
one nds that the three basis vectors vhi (g) behave like
vhi  g
i ; i = −11:64 : : : ;−4:98 : : : ;−3:61 : : : ; (24)
as g ! 0, where the i’s are the eigenvalues of Y , implying that the reduction solution for
ha’s is ultraviolet unstable. One also sees that AF requires the ha’s to be reduced because
M  g2 as g ! 0.




 (g) ;  =
Hd; Hu;;1;2;3;Ψ1;2;3, and that the ha’s are reduced, we nd that the eigenvalues of the ma-







are given by (−14:64 : : : ;−7:98 : : : ;−6:61 : : : ;−4;−4;−4;−4 ). Therefore, the reduction so-
lution for m2’s is also ultraviolet unstable, and one, moreover, sees that the AF of m
2
’s is
ensured only by the reduction (19) because M2  g4 as g ! 0.




HM + cH g
1:97::: ; B ’ −
3100
521
M + c g
0:64::: (25)
near the reduction solution, where c’s are integration constants. Therefore, the B’s are
asymptotically free (HM  g0:024::: ; M  g3:8:::), and so the reduction solution for the
B’s are asymptotically stable. This is good news, because, as we will see later, the reduction
solution (19) including (18) is not consistent with the radiative breaking of the electroweak
10
symmetry at low energy. To make the radiative breaking possible, we have to treat BH as
an independent parameter. But, as we have just seen, this can be done without loosing AF
of the model.
The solution (19) exhibits the one-loop infrared xed point, which therefore could be
used for the infrared-xed-point approach [14]. This approach is based on the assumption
that infrared xed points found in rst order in perturbation theory persist in higher orders
and that the ratio of the compactication scale C (or the Planck scale MP) to MGUT is
large enough for various parameters to come very close to their infrared values when running
from C down to MGUT. Therefore, this approach may yield similar results to ours, because
the reduction solution in one-loop order (19) is the infrared xed point. Here we would like
to see how fast the desired infrared xed point can be approached in our concrete model.
To this end, we assume that ha, a = t; b; f and m2,  = Hd; Hu;;
1;2;3;Ψ1;2;3 vanish


















where c’s are integration constants. Imposing the above mentioned boundary condition at
C, one nds at MGUT
m21;2
M2
’ 0:25; 0:35; 0:52 ;
m2Ψ1;2
M2
’ 0:37; 0:53; 0:79 for
C
MGUT
= 102; 103; 105 ; (27)
respectively, where we have used  = g2=4 = 0:04 at MGUT. Unfortunately, we see that the
infrared xed point, 1:6 and 2:4, is quite far from the approached points. We have checked
numerically that this also holds for the other SSB parameters.
3.5 Prediction
Since the SU(5) symmetry is spontaneously broken at MGUT, the reduction relations (17)-
(19) exhibit a boundary condition on the gauge and Yukawa couplings and also on the
SSB parameters at this energy scale 7. To make our unication idea and its consequence
transparent, we shall make an oversimplifying assumption that below MGUT their evolution
is governed by the MSSM and that there exists a unique threshold MSUSY, which we identify
7Here we examine the evolution of these parameters according to their renormalization group equations
in two-loop order for the gauge and Yukawa couplings and in one-loop order for the SSB parameters.
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with M , for all superpartners of the MSSM, so that below MSUSY the standard model (SM)
is the correct eective theory. We recall that it is most convenient to x tan  through the
matching condition on the Yukawa couplings at MSUSY in the Gauge-Yukawa Unication
scenario [6, 2]. That is, the Higgs sector is partly xed by the dimension-zero sector. This
is the reason why the complete reduction in the dimensionfull sector, dened by (18) and
(19), is inconsistent with the radiative breaking of the electroweak symmetry, as we will see
below.
Since we are not stressing the accuracy of the approximation, we assume that the potential
of the MSSM at  = M takes the tree-level form. The minimization of the potential yields
two conditions at MSUSY [16],






1 + tan2 
+BH
tan2  − 1
tan 
; (28)




tan2  + 1
tan
; (29)








2) ; v1;2 = (1=
p
2) < H^d;u >. Using
the unication condition given by (18) and (19) under the assumption that MZ and tan
at MSUSY are given, these two conditions could x the M and H at MGUT. Unfortunately,
this is not the case. We have numerically checked that the unication condition given by
(17)-(19) does not satisfy eqs. (28) and (29). Therefore, we have to treat one of mHu, mHd
and BH as an independent parameter to make the radiative breaking at MSUSY possible.
From the discussion of sect. 3.4 it is clear that the most natural choice is BH, because this
is the unique possibility to keep AF. In addition, the lowest order unication condition (19)
remains the same; otherwise it would be modied.
We use
1(MZ) = 0:0169 ; 2(MZ) = 0:0337 ; (MZ) = 8:005 10
−6 (30)
as input parameters and x MSUSY = M at 500 GeV. Then the prediction from the Gauge-
Yukawa Unication (17) is:
Mt ’ 1:8 10
2 GeV ; Mb ’ 5:4 GeV ; 3(MZ) ’ 0:12 ;
MGUT ’ 1:7 10
16 GeV ; GUT ’ 0:040 ; tan (MSUSY) ’ 48 ; (31)
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where Mt and Mb are the physical top and bottom quark masses. These values suer from
corrections coming from dierent sources such as threshold eects, which are partly taken
into account and estimated in ref. [2]. In table 1, we show the prediction of the SSB
parameters.
M1 (TeV) 0.22 m2L3 (TeV
2) 0.30
M2 (TeV) 0.42 m2 (TeV
2) 0.23
M3 (TeV) 1.2 m2Q3 (TeV
2) 1.1































Table 1: Prediction of the SSB parameters.
For the SSB parameters above we have used the notation of ref. [17]. Using these parameters,
one can then compute the superpartner spectrum. We have checked that it is consistent with
the experimental data. The LSP, for instance, is found to be a neutralino of  220 GeV
with a dominant component of the photino 8. Details of our calculations and results will be
presented elsewhere.
We thank B. Ananthanarayan, M. Olechowski, R. Oehme, K. Sibold, and W. Zimmermann
for useful discussions and suggestions.
8The present example, however, does not satisfy the naturalness constraints [18].
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